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Abstract. By introducing a weight function to the Laplace operator, Bakry 
and Emery defined the "drift Laplacian" to study diffusion processes. Our 
first main result is that, given a Bakry-Emery manifold, there is a naturally 
associated family of graphs whose eigenvalues converge to the eigenvalues of 
the drift Laplacian as the graphs collapse to the manifold. Applications of 
this result include a new relationship between Dirichlet eigenvalues of domains 
in R" and Neumann eigenvalues of domains in and a new maximum 

principle. Using our main result and maximum principle, we are able to gen- 
eralize all the results in Riemannian geometry based on gradient estimates to 
Bakry-Emery manifolds. 

1. Introduction 

Bakry-Emery geometry was introduced in [3] to study diffusion processes. For a 
Riemannian manifold (M, g) and </> e C^(M), the Bakry-Emery manifold is a triple 
{M,g, (/)), where the measure on AI is the weighted measure e" -'^dVg. If Ric and A 
are, respectively, the Ricci curvature and Laplacian with respect to the Riemannian 
metric g, then the Bakry-Emery Ricci curvature is defined to b43 

RiCoo = Ric + IIcss((^), 

and the Bakry-Emery Laplacian is 

= A - V(/) • V. 

The operator can be extended as a self-adjoint operator with respect to the weighted 
measure e~'^dVg] it is also known as a "drifting" or "drift" Laplacian. 

Theorem 1. Let {M,g,(j)) be a compact Bakry-Emery manifold. Let 

Me := {{x,y) \ xeM, 0<y< ee"'^*"^)} C M x R+, 

with (j) £ C'^{M) and e""^ e C{M U dM). Let {Mfcj^o ^^'^ eigenvalues of the 
Bakry-Emery Laplacian on M . If dM ^ 0, assume the Neumann boundary con- 
dition. Let ^jLk{£) be the Neumann eigenvalues of M^ for A := A + dy. Then 
tikie)=tik+Oie^)fork>0. 

A corollary of Theorem [T] gives a relationship between the Dirichlet eigenvalues 
in and Neumann eigenvalues in M"+-'^. 

Corollary 1. Let AI be a bounded domain in R" with .smooth boundary, and let 
(pi be the first Dirichlet eigenfunction of the Euclidean Laplacian on AI . Define 

AI, {{x,y) e M"+i \xeAI,0<y< eM^f}- 



^In the notation of |14| , this is the oo Bakry-Emery Ricci curvature. 
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Let {Xk}'^i be the Dirichlet eigenvalues of M , and let {^J■ki£)}'^Q be the Neumann 
eigenvalues of M^. Then linie_>o fJ^k-ii^) = Afc — Ai , for all fc G N. 

In the second part of the paper, we estabhsh a new maximum principle which, 
together with Theorem [l] imply the following. 

Principle. There is a one-one correspondence between the gradient estimate 
on a Riemannian manifold and on a Barky-Emery manifold. More precisely, the 
eigenvalue estimate on the Bakry-Emery manidold {M, g, (j)) is equivalent to that 
on the Riemannian manifold {M^^g + dy'^) for e small enough. 

The method of gradient estimates in eigenvalue problems was first used by Li- 
Yau [n]- The papers [2ll4l [T0l[T8l[2TH24] are the most influential to this work. 
Gradient estimates on Riemannian manifolds are often quite complicated. The 
point of the above Principle is that one may apply all the proofs of gradient 
estimates directly to Bakry-Emery geometry without repeating the calculations. 

The organization of the paper is as follows. In §2, we present the variational 
principles for the drift Laplacian which we use heavily in our proof. The proof of 
Theorem [1] and Corollary [T] comprise §3. We prove the new maximum principle 
and discuss its applications in §4; finally, §5 contains technical results on Schauder 
estimates which are of independent interest. 

2. Variational principles 

On a Riemannian manifold {M,g) with boundary dM, the Laplace operator can 
be written as 

v/det(.g) ^ 

and in particular on R" with the Euclidean metric. 

The Dirichlet (respectively, Neumann) eigenvalues of the Laplace operator are the 
real numbers A for which there exists an eigenfunction 

du 
dn 



u G C°°{M) such that — An = Au and u\qj^j = 0, (respectively. 



= 0). 

dM 



The eigenvalues of the drift Laplace operator are defined analogously. 

We shall use A to denote Dirichlet eigenvalues, fi to denote Neumann eigenvalues, 
and index the Dirichlet eigenvalues by N and the Neumann eigenvalues by OUN. The 
Dirichlet and NeumanrQ eigenvalues, respectively, satisfy the following variational 
principles [S], 

■pec^iM) [ Jm J 



/ij = inf 



Lp^O= I tptpi, -1<1 <j 

' M 



^Note that the Neumann boundary condition is automatically satisfied if no boundary condition 
is imposed in the variational principle. 
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for k > 1 and j > 0, where (jjj and ipi are, respectively, eigenfunctions for A-,- and 
fii (assuming that (j)Q = and tp-i = 0). 

Proposition 1. Let (M,g,(j)) be a Bakry- Emery manifold with boundary. Then, 
the Dirichlet and Neumann eigenvalues of the associated drift Laplacian satisfy the 
following variational principles. 



Afc = inf > p 



inf f Im |V^^-' 
for k > 1 and j > 0. 



'fildM =0, (p^0= / V3(/ije < j < fc, 
Jm 



(f ^0 = I ififie , -I < I < j 



Remark 1. Let {A^}^]^ be the Dirichlet eigenvalues and let the associated or- 
thonormal basis of eigenfunctions be {4>k\'kLi- Setting the weight function (j) = 
— 21og(/)i, the variational principle for {M,g,4}) is that for all k > 1, 



Afe - Ai = inf 



<^^0 = / tp(j)j(j)i, 0<j<k 



When k ~ 2, and the domain M C M", the following variational principle is 
Corollary 1.3 of [9] and is based on results of [6]. The following proposition is a 
useful tool. 

Proposition 2. For k > 1, let S,o,--- be a nontrivial orthogonal set with 

respect to the weighted measure; that is 



Jm 



IM 

for i ^ i and ^, ^ 0. Then, we have for the Neumann eigenvalues 

The proof is well known and is omitted. □ 
We demonstrate that the difference between the fc*'' and the first Dirichlet eigen- 
values is the Neumann eigenvalue of a certain drift Laplacian. This result was known 
to Singer- Wong- Yau-Yau [T5] . 

Proposition 3. For a bounded domain M C M", let {A;;}^-^ be the Dirichlet 
eigenvalues of the Euclidean Laplacian with orthonormal basis of eigenfunctions 
{4>k\'kLiJ '^'"^di let {/^fc}^Q be the Neumann eigenvalues of the drift Laplacian on M 
with respect to the weight function —2\og(f>i. Then, Afe — Ai = fJ-k-i for all fc G N. 

Proof. This follows from the following formula (cf. ||T5] ) 

Af^U2Vlog0,vf^U-(A.-A^^^^- 



1/ \9i J K'Pi 



□ 
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Finally, throughout this paper we will use the following notations: for a function 
f{t) and fixed fc > 0, 

f{t) = 0{t'') as t ^ if there exists C,S>0 such that \ f{t)\ < Ct^ for all \t\ < S; 

fit) ^ o(t'') as t ^ if lim ^ = 0. 

Also, throughout this paper, a constant C is independent of e, but may differ from 
line to line. 

3. Eigenvalue convergence: A coarse estimate 

In this section, we prove a coarse version of Theorem [TJ Let {M,g,(j)) be the 
compact Bakry-Emery manifold, with or without boundary, and let 

(3.1) M, = {ix,y)\xeM, 0<y<efix)} CM xR+, /(x) :== e'^^"). 

Let {Mfcl^o {'4'k}kLo be respectively the eigenvalues and eigenfunctions for 
the drift Laplacian A on M (if dM 7^ 0, we endow it the Neumann boundary 
condition), and let {A'fc(£^)}fe^o eigenvalues for A = A + dy on with 

corresponding orthogonal eigenfunctions {^j.e}fLo- We assume the eigenfunctions 
are normalized so that 

In particular, the volume of is e. This normalization depends only on / and M . 

We use V and A as the gradient and Laplace operators, respectively, of M, 
and V = (V, ^) and A as the gradient and Laplace operators, respectively, of 
M^CM X R+. 

We prove the theorem by induction. For k ^ 0, the statement of Theorem [T] 
is trivial. We shall prove the theorem for fc > 1, assuming that for 1, • • • , fc — 1, 
the theorem has been proven. By a theorem of Uhlcnbeck |19j , for generic mani- 
fold fj,i, . . . , fj,k are simple; that is, all eigcnspaccs with respect to the eigenvalues 
/xi, • • • , /Xfc are of multiplicity one. Since the eigenvalues are continuous with respect 
to continuous deformations of the domain, it is sufficient to prove the theorem under 
this additional assumption. 

Lemma 1. Using the above notation, /ife(e) < /i/c + 0{e^). 

Proof. Considering tpk as functions on M^, they are orthogonal with respect to the 
measure dVgdy. By Proposition [21 we have 

k k 

XlMj(e) < Xl^J - 

0=0 3=0 

By the inductive assumption, we have 

yUj <yUj(£) + 0(e2) 

for all i < fc. The lemma follows from the above two inequalities. □ 
For any < r < e, and for < i < fc, let 

^ [ f \ ^ 
b^{x,r) ■= if^,e{x,rf{x)) and Au^^ j {^^v)- 
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Lemma 2. Using the above notations, we have 



(3.2) 



bi{x,r)hj{x,r)f{x) - Sf 



M 



<C^eAk yO<i,j<k 



for all < r < e . 

Proof. 3 For any 0<r<e,0<y< ef{x), and < i,j < k, 



(3.3) 



\b,{x,r)bj{x,r) - ip,{x,y)ipj{x,y)\ < / \dy {ip,{x,y)ipj{x,y))\dy 

Jo 



< 



-fix) 



dy 



d(pj 



dy 



ipi\ ix,y)dy. 



Note that for any < r < e, 



e / bi{x,r)bj{x,r)f{x) 



AI Jo Jm J M. 



b^{x,r)bj{x,r) = / bi{x,r)bj{x,r), 



and 



if,{x,y)Lpj{x,y) = eSj. 



Then 



e b,{x,r)bj{x,r)f{x)-eSj 



>M 

which by 



(3.4) 



{b,{x,r)bj{x,r) - ipi{x,y)ipj{x,y)) 



< 



JO 



dipi 



dy 

difi 



dy 



dy 

dipj 



dy 



< ell/IU (y^- \\(Pj\\l^ai,) + WVtWL^M,)) 
Since \ \(pi\\L^M,) = v^, 



e I bi{x,r)bj{x,r)f{x) - eSf 

M 



Corollary 2. Using the same notations as above, we have 



bi{x,r)bj{x,r)f{x) - 



M 



<Ce V < i, j < fc,0 < r < £. 



Proof. This foUows from the fact that Aj, < J2j=i \\'^V'j\\'L^{M 
Ce, where the constant C depends only on k (not on e). 

The following result is a coarse version of Theorem [1] 



Ej=iMj(£)e 



''For simplicity of notation, wc drop the subscript e from ip. 
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Lemma 3. Under the same condition as in Theorem]^ and assuming that Theo- 
rem]^ is true for j < k, we have 

In particular, this estimate and Lemma{l\ imply that fJ.k{s) ~ fJ-k + 0(e) for all 
fc > 0. 

Proof. Define inductively that bo{x,r) = bo{x,r), 

k-l 

bk{x,r) = bk{x,r) +^Ckj{r)bj{x,r), 

3=0 

where for any fc > 0, Ckj (r) are functions of r such that 

&fc _L 6i, • • • ,bk~i 
with respect to the measure fdVg. By Proposition [51 we have 

<-) t.<-t^^ 

j=o j=o Jm"]-' 

By Lemma O Ckj{r) ^ 0{^/eAk) uniformly for < r < e. Thus by the definition 
of bk , using Lemma [5] again, we have 

E < E < (1 + g v^) E / iv^.iv. 

Since the above inequality holds for all r, integrating from to e, we have 

(3.6) e^M, <(l + Cv^)E / / l^^^l'/- 

We compute 



Vb,{x,r) - (V(^,)(x,r/(x)) +r-^(a:,r/(a;))V/(x). 
Using the Cauchy inequality, we get 

(3.7) |V&,(x,r)p<(l + £2|v/n|v^^_^|2. 

Therefore, 



|V6,(x,r)|^/(x) < {1 + Ce') / |V^,-,|^ = (1 + Ce^)/i,(£)e 

/O JM JM^ 

for j < fc. 

The above estimate together with p. 71) show that 

fe k 

eY,^i,<e{l + C^k){l + Ce^)Y.^l,{e). 

Dividing by e and letting e 0, this estimate together with an induction argu- 
ment completes the proof of the lemma. The precise estimate /^fc(e) ~ jJ-k + O(e^) 
to complete the proof of Theorem [1] will be demonstrated in the final section. □ 

Proof of Corollary 1. The corollary follows immediately from Lemma |3] and 
Proposition [3l □ 
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4. A MAXIMUM PRINCIPLE 

The Neumann eigenvalues are continuous functions with respect to the manifold 
M . Therefore, to estimate the eigenvalues, we may use an exhaustion of M , 

= {x e M I dist(a;, dM) >5}, S> 0. 

On , f has a positive lower bound. Thus using the variational principle, we 
may, without loss of generality assume that / is not only positive but is a constant 
in a neighborhood of dM^. For the rest of the paper we make such an assumption. 
The usual maximum principle for the gradient estimate is the following. Let 

where F is a smooth function of one variable, and let xq be an interior point of M 
at which H reaches its maximum. Then 

> |VVP + Vv3V(Av9) + Ric(V(/3, Vip) + F'{ip)Aip + F"(v9)|Vy3p. 

The above inequality is very useful for obtaining lower bounds on the first 
eigenvalue of a Laplace or Schrodinger operator; for more details, we refer to the 
book [IT]- 

However, it is not appropriate to apply the above maximum principle directly 
to the manifold for the following reasons: 

(1) need not be convex, even if M is. As we know, if M is convex, the 
maximum of H must be reached in the interior of AI . In general, we don't 
have such a property for M^. 

(2) The natural Ricci curvature attached to the problem is RiCoo, not the Ricci 
curvature of M^, which is essentially Ric. 

Remark 2. The choice of F is highly technical. In the Li-Yau's case . which is 
the simplest case, F{x) = 52;^. In Zhang-Yang's case [24] . F is (up to a constant) 

F{x) = 1 — + a ( — (arcsinx + x\/ 1 — x^ — 2x) 

where a is a positive constant. More sophisticated choices of F can be found in |12| 
and [13]. 

As in the previous sections, we assume M is a compact manifold with or without 
boundary. Let U be an open set of M and let {xi, - ■ ■ ,a;„) be a local coordinates 
system on U. Let ip^^^ be the Neumann eigenfunctions of the eigenvalues fJ-ki^) 
with the norm normalized to be ^/e. We let 

The technical heart of this paper is Theorem [51 which implies the following key 
results of this section. 

Lemma 4. With the above notation, as e — >■ 0, 

(4.1) ^^_vlog/(x)V7A = o(l), 

(4.2) (v^, V^l^) - (V2log/)(VV^, W) - V2v(VV,Vlog/) = 0(1). 
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Proof. Since ipk,e satisfies the Neumann condition, we have 
%^(x,0)=0; 

(4.3) 

^^{x,ef{x))-eVf{x)V^kAx,ef{x)) = 0, 

for any x € A/. Applying the mean value theorem to the above equations, we have 

efix) (^^^ix,i{x))-V\ogfix)V^k^,ix,ef{x))^ =0, 

where ^{x) G (0,e/(a;)). Theorem [5] then implies (|4.ip . 

Assume now that at x, the local coordinate system is normal. For the second 
statement, taking partial derivatives with respect to xj in the second equation 
of (|4.3p gives 



dxjdy ' dy"^ ' dx 



3 



dxidxj dxi ' dxi dxidxj ' 

Since d^pk^e/dy = on = 0}, we have 

^Vfc.e 0) ^ 0) = 

dxjdy ' ' dxjdxidy 

The mean value theorem implies 

for some ^(x) S (0,e/(.T)). Using Theorem [S] again, we have 

£f(^x)^^^^^{x 0)+e^^^^{x 0)— -e-^^^^^^(a; 0) 
dxjdy^ ' (9y^ ' dxj dxidxj dxi ' 

_ ^ dfjx) d^ipk,e _ ^2 9f d^ifk,e g/ ^ o(e/(a;)) 

9a;i dxidxj ' dxidy ' Sa;^ 

as e ^ 0. Thus we have 



d^ipk.e , , 9Vfe.£, f,x91og/ ld'^f{x)dipk 
(a:,0) = o(l) 



(a;^0) + ' (a;,0) - - (x, 0) 

dxjdy^ ' ' 9a; j f dxidxj dxi 

d\ogf{x) d'^ipk 



dxi dxidxj 
Using (|4.ip . we get 

'S'Vfc.e . o) + Vlo ■f(a;)VV'(a;)^^^^^^ 1 9V(x) 

dxjdy'^ ' 9xj /(x-) dxidxj dxi 

d\ogf{x) d'^ip 



dxi dxidxj 



(x)=o(l). 



which implies (|4.2p . □ 
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For our new maximum principle, we consider 

H{x,y) = ^\V^k,e\^+F{^k.,), 

where F is a smooth function of one variable. Assume that {xo,0) is the point at 
which H reaches the maximum on {y = 0}, where Xq is in the interior of M. 
At {xq, 0), we have 

VH{xo, 0) = and AH{xo, 0) < 0. 

The difficulty is that H satisfies an elliptic equation with respect to A, rather 
than A. To obtain the new maximum principle, we need to estimate the second 
derivative of H in the y-direction. 

Lemma 5. At (a;o,0), 

^^VHogf{V4',y^)+(-^] +o(l), as e^O. 
Proof. Using the normal coordinates at xq, we have 



^- — ^ /^T.- r)nr:r)ii ^- — ^ Flu r)ii^ 



dy ^ dxi dxidy ^ dy dy'^ dy 
and 

dy'^ ^ \ / ^ dxt dxidy"^ 



dy^ J dy dy^ ' \ dy J ' dy^ 

dxidy 



Since ipk^e satisfies the Neumann boundary condition, and ^a^'a' vanish on 



{y = 0}. Thus we have 



dy^ ^—^ dxi dxidy"^ \ dy'^ ) ' dy^ 

Using Lemma |4l we have 

= log /(Vv^, V^) + VV(V^, V log /) + (^^^y + F'(V^) + o(l). 

Since at xq, = 0, we have 

E" d'^ih dtp ,, dtp 
I J +F'{tP)^^Q, for each l<i<n. 
dxidxi dxj dxi 
j=i ■' •' 

Using the above equality and Lemma |4l the second and fourth terms on the right 
side of the expression for cancel. □ 

Theorem 2 (Maximum Principle). With the above notations, we have at (a;o,0) 



a 



(1) > iV^V^p + VtpviAipk^,) + RiCoo(V^, V^) + F'{tP)A^k.e + F" itp)\V tP\^ . 
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Proof. By the Bochner formula, we have 

AH = \V^ipk,e\^ + Ric(V(^fe,e, V(pfe,e) + V(pfc,eV(A(pfc,e) 
+ F'i^k,e)A^k,e + F"(<^fc,e)|V(^fe,er 

On {y — 0}, we have 

Ric(Vv3fe,,, Vv7fc,e) = Ric(VV', Vt/.), 



32, N 2 



AH = |VVl' + ( ) +Ric(Vi^,VV) 



Thus we have 



dy'^ 

+ V^ViAipk,e) + F'{i')Aipk^, + F"{^P)\V4,\^. 
Using Lemma in noting that at {xq,0) 

AH^AH + —^< -—, 
completes the proof. □ 

4.1. Applications. Our work not only has applications to Bakry-Emery geometry 
but also to Ricci solitons. We recall the main result of Futaki and Sano [7]. 

Theorem 3 (Futaki- Sano). Let M" be a compact smooth manifold of dimension 
at least 4. If g is a non-trivial gradient shrinking Ricci soliton on M (see definition 
1-1 of [7]j, then the diameter of M with respect to g is hounded below by i^^ , 
where ^ is a constant determined by g. 



This result is proven by using Ling's gradient estimates |12| to demonstrate 
a lower bound for the first non-zero eigenvalue of a certain Bakry-Emery Lapla- 
cian. Our Principle shows that one may directly apply Ling's estimates to the 
Bakry-Emery Laplacian to obtain the result. It is reasonable to expect that one 
may similarly express elliptic geometric equations, like the Ricci soliton equation, 
in terms of a Bakry-Emery Laplacian and exploit the eigenvalue estimates from 
Riemannian geometry together with our Principle to produce interesting results. 

Another application arises from the so-called fundamental gap: the difference 
between the first two Dirichlet eigenvalues of a domain in R" . Andrews and Clut- 
ter buck [2] recently demonstrated an optimal lower bound of Stt^/o?^ for the fun- 
damental gap of any convex domain in M" with diameter d. By Proposition [3l 
the fundamental gap can be interpreted as the first Neumann eigenvalue on certain 
Bakry-Emery manifold, and in particular, techniques of [T], [2] together with our 
work imply the following. 

Theorem 4. Let C M" be a convex domain with piecewise smooth boundary and 
diameter d. Let f G C^{Cl). If f satisfies 

(Vlog/(y)-Vlog/(x)).^^> ^tanf^^-^) V x ^ y tn n, 

\y-x\ d \ d J 
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then the first non-trivial Neumann eigenvalue of the Bakry-Emery Laplacian with 
respect to the weight function = — log(/^) is bounded below by Sn^/d^. Moreover, 
the first Neumann eigenfunction for the Euclidean Laplacian on 

:= {{x,y) \x^n,Q<y< ef^{x)] C M"+i 

is bounded below by Svr^/c?^ — Ce^ , where C is a fixed constant that depends only 
on n and ft. 



□ 



5. The approximation of eigenfunctions 



It is not hard to write down the eigenfunctions formaUy. Let (p he a, Neumann 
eigenfunction of with eigenvalue A. Write 

oo 

where (p^ are functions on M . Then we have (formaUy) 

A(^fc + Xipk + {k + l){k + 2)Lpk+2 = 

for all > 0. Since dip/dy = on {y = 0}, we have (pi = and hence ip2k+i = 
for all k. Let 

Hip ~ —Ap — \ip. 



Then 



Formally, we have 



"^^fc+z (2fc+ l)(2/c + 2) {2k + 2)V 



"^^^ '^0 ^ cosh{yVH)ipo. 



0. 



,j2kjjk 
k.O^- 

The differential equation for po follows from the Neumann boundary condition 

\/77sinh (ef{x)y/H) ipo^eVf-V (cosh(y/ff)^o 

We are not able to prove the full regularity of the above equation at this moment. 
But a partial solution, namely, a good approximation to the eigenfunctions, is 
enough for our application. Very roughly speaking, in this section, we prove 

(p ^ ipo + y^ip2 + 0{e^). 

To state our results precisely, we recall the global Schauder estimates [SJ Theorem 
6.6, Theorem 6.30] and the interpolation inequalities. 
We let 

Bi = {{x,y)eM,\y = 0}; 
Bjj = {{x,y)eM,\y = ef{x)}; 
Biu = {{x,y)eM,\x&dM}. 



Then Bi U Bn U Bm = dMe- 
Let 

ui = u\9M^ and W2 = — 
on 



on the smooth part of dM^ 

dMe 
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Define the weighted Holder norm by 

||u||pfc,a = £''+"[u]cfc,» H h£"[M]c° + Ikllco, 

and ||u||(7q = ||u||po,c., where [ Jc^." are the standard notations defined in [8]. 
Using these weighted norms, the constants in the Schauder estimates on Mg are 
independent of e. Let < a < 1. Let L be a second order uniform elliptic 
operator with C"-bounded coefficients. Then we have the following version of 
global Schauder estimates on 

(5.1) \\u\\c2.. < CiMco + e^\\Lu\\c^ + e\\u2\\cl^.), 
and 

(5.2) \\u\\(^2,^ < C(||u||co +e^||Lu||c= + e||w2||ci.°(B,„) + ll"i|lcf'°(BzUB„))- 
The Sobolcv inequality on is 



(5.3) 



<Ce- — { |VMr + 
hi. 



Define the Holder norm in the y-dircction to be 

\u{x,yi) - u{x,y2)\ 



mc ~ max 



sup 



Q<yi-y2<ef{x) \yi-V2\°' 
Then we have the following. 

Theorem 5. For defined by V3.1\) such that f{x) = e~'^^^'' is constant in a 
neighborhood of dM , the Neumann eigenfunctions ipk^e of satisfy 

V^,,e = 0(l), 

0(1), l<j<n 
= 0(1), l<t,j<n 











dy^ 


+ 


dxjdy 


c 



Q3 



Vk,, 



g3 



Vk,t 



dxjdy"^ dxidxjdy 

y - y 

for any < a < 1, where ( ) is any local coordinate system of M . 

Define the functions 

rjk ■= -VclNipk, 

on M, and let 

1 2 

Uk := V'fc + -jV Vk 

be functions on AI^. By our definition of f{x) = e~'^^^\ r]k are smooth up to the 
boundary. Note that since ipk is a Bakry-Emery eigenfunction, it satisfies 

(5.4) Aipk + rjk = -^J,k1pk■ 
Since ipk and rjk are independent of y, 

(5.5) AUk = -l-i-ki'k + ^y'^Arik = -i-LkUk + ^y'^{Ar]k + HkVk)- 



We compute directly, 



on 5/ U Bin; 

e^f^'^f'^Vk , 

1+^2 Vf 2 1/2 



2(1 
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Define 

fc-i 

Wk,6 = akMfk,e + Uk + ^ ak,j(pj,e, 
3=0 

where akj are defined such that Wk^e -L 'Po.si ■ ■ ■ :Vk.e in '^^(iWe). The following 
inequality will be used repeatedly in the rest of the paper: let ip he sl function on 
Mg. Then for any p > 0, we have 



(5.7) 



p-1 . 



|^|f-i|V^|2 



To prove (|5.7p . wc observe that for any < y < ef{x), we have 

i-ef{x) 



\v\P{x,ef{x)) < \ip\P{x,y)+p 



ipr'\Vip\dy. 



Integrating over to both sides of the above equation and using the Cauchy- 
Schwarz inequality implies (j5.7p . 



Lemma 6. For all j < k, akj — O(e^), and ak,k — 0{1). 



Proof. Integrating by parts, (|5.5p and (|5.6|) give 

^Vj.eUk 



/ ^].eUk = - 

dUk , 

^J.e^ h^fe 

dAL on 



dUk 



V],e^Uk 



1 



again, wc have 



Thus by 



(5.8) {^ij{e) ~ fik) / (Pj.eUk 
We clearly have 



dUk 



M, 



V3,ey^i^Vk + l^kVk)- 



(5.9) 



^j,ey^i'^Vk + fJ-kVk) 



M, 



l^.,eP=0(e'). 



Using (|5.7p for p = 1 , we have 



V3,e- 



dUk 



dr 



By the generic assumption of the manifold M and Lemma[31 fj.j (e) = i^ij + 0{e) < 
fik for all j < k for e sufficiently small. Thus, dividing by {nj{s) — /Xfc) in (|5.8p gives 



(5.10) 



Ah 



ip,,,Uk = O(e') 



That ak.k is bounded follows from its definition. 
A straightforward computation gives 

Fi Awk^e +Mfc(e)wfc,, 



□ 



^ k-l 

(5.11) = ifikie) - l^k)Uk + ^y'^i^rik + fJ.kVk) + ^ ak,j{nk{s) ~ lij{e))fj 



3=0 
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with the boundary conditions 



(5.12) 
Let 

Then 



dn 



on 5/ U Bin 

^=0(£3) on Bn 



dy 



F2 := Ark,e + tJ-kie)rk,e 



fc-i 



(5.13) = (Mfc(£) - fJ-k)y'nk + yi^Vk + pi-kVk) + ^akjipk{£) - 



3=0 



dy 



with the boundary conditions 
(5.14) 



rk,e =0 on Bj 

rk,e = eVf{x)VwkAx, ef{x))+0{e^) on Bn 
on Bin 



dn 



Inductively, we assume that the Theorem [S] is true for j < k — 1. Then by 
Lemma [3] and Lemma [SI we have 



illc? 



0{Bk) and ||F2||c= =0(£), 



(5.15) 
where 

Bk=e^ + ^JTM. 

Lemma 7. With the above notations, we have 

\\wk,e\\LHM^) = Oie'/^Bk) and ||Vu;fe,,||L2(M,) = 0(e'/'Bfc). 

Proof. Multiplying both sides of (|5.11|) by Wk^e Bind integrating by parts, using (|5.15p . 
we get 

l|Vwfc,e|li2(M,) - M£)\\wk,e\\LHM,) 

(5.16) 



< CBk ■ ||wfe,e||Li(M,) 



Wk,, 



dWk,e 



dr. 



By (|5.7p . we have 

dwk,e 



Wk,t a 



dUk 

Wk.6^— 

Bn on 



< Ce^''^{\\wk,e\\L^M,) + ||VWfe,e||L2(A4))- 



Thus wc have 

W^MW^^M,) - Mfe(e)lklli2(A/^) < Ce^'''{\\wk,e\\mM,) + \Wwk,e\\mM,))- 

By the Poincare inequality, we have 

/ifc+l(e) / \wk,e? < [ \^Wk,e\^. 

The lemma is proved since by our "generic" assumption, there is a gap between 
fj-k+iie) and A'fc(^) that is independent of e. □ 



EIGENVALUES OF COLLAPSING DOMAINS AND DRIFT LAPLACIANS 



15 



Using the above lemma we shall complete the proof of Theorem [TJ 

Proof of Theorem [1], Since Bk = 0{e), by the above lemma, ||wfc,e||L2(^f^-) 
0(£3/2). It follows that 







f 


dy 



□ 



and thus Theorem [T] follows from Lemma [31 
Corollary 3. With the above notations, we have 

\\wkM\LHM,] - 0(£^/') and \\Vwk^,\\L2(^M,) = 0(e'^/'). 

Now we work towards the proof of Theorem [5l 
Lemma 8. Wk,e ~ O(e^) 

Proof. We prove the lemma using Moser iteration. By ()5.15p and Theorem [1] 
Fi — O(e^) is a bounded function. Using integration by parts, we get 



□ 



p \wk,er'\ywk,ef < \Fi\\wk,ef+Me) \wk,eK^+ 1^ 



By (|5.6p . we have 



dwk,i 



dn 



dvuk,, 



dn 



\Wk,, 



Bii 



By ((57fl) . we have 



\Wk, 



P < - 



\Wk,e\' +P\ 



\WkA 



|wfc,e|P-i|Vwfc,ep 



It follows that 

dWk.e 



\Wk,e\ 



dn 



1 

^4^ 



Wfc, 



ip-i 



Vwfc,e|"+e> / \Wk,, 



\Wk,> 



By the Young's inequality, we have 
Thus we have 



\Wk,, 



Bii 



dw, 



dn 



<1 I \wk,er'\^UJk,e? + Cp 



M, 



P+1 \ 4- p2(p+l) + l 



from which we have 



P j \Wk, 



ip-i 



\Wk,, 



p+1 \ , ^2(p+l) + l 



Using the above inequality and the Sobolev inequality (|5.3p . we have 

\wkJ^^''^^Y^^ <Cp\-^^ 



Me 



M. 
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We thus have 



Let 



for fc > 0. Let 



Then we have 



ak = 2 



1^' 



\Wk, 



, l/Ofc 

Ittfc I 2(afc) + l ■ 



bk+1 < (C(afc)2e-^)i/-.5,. 
The standard iteratfon process shows that 

Lemma 9. ^ = O(e^). 



□ 



Proof. We could run Moser iteration again to get the estimate. However, the fol- 
lowing proof using the maximum principle seems to be simpler. Using (jS.ip . (|5.15p . 
and the boundary conditions (|5.14p . we have 

which implies that 

by the interpolation inequalities. For C > large, by (|5.15p . we have 

A(rfe,e + Cy^) > 0. 

Since g = on B/, = on Buj. By the maximum principle, we only need to 
estimate the maximum value of rk^e on Bu. But on Bji, r^^e = £^V/Vzi'fc_e-|-0(e^) = 
O(e^). Thus we have rk^e £ Ce^. Similarly estimating rt^e ~ Cif' gives the other 
side of the inequality. □ 

Lemma 10. ||rfc_e||p2.c = 0(£^), and \V'^Wk.e\ = 0(e). 

Proof. For fixed y, let w = Wk^e and let h = w{x,yf{x)). Then h satisfies the 
equation 

A/i + Mfc(£)/i 

^^■^^^ - - (1 - J/'|V/n ^ + 2y(V/, Vrfe,,) + yr^.^A/ + 

Let 51 C M such that on M\Vl, f is identically equal to a positive constant 5. By 
the Schauder interior estimate, we have 

\\h\\c-^..(n)<C{e^ + \\rk,e\M. 

Note that the above C^'"-norm is a function of y, and this norm is unsealed. By 
Lemma m ()5.13p and (|5.15p the global Schauder estimate (|5.2p gives 



EIGENVALUES OF COLLAPSING DOMAINS AND DRIFT LAPLACIANS 



17 



The relation between weighted and the usual Holder norms is (up to a constant) 



e''+"||M||c'=,o < ||u|Lfc,» < £'=+"||u||c"=,<:. + ||u||c«- 



Thus we have 

Ikfe.ellc?- < ^(e' + ^'''"I|/»llc3,»(n) + ||/i||co(n)) 

:.e|lc|' 



Therefore ||rfc^£||^2,Q = 0(£^), which also implies that 

dy^ ' dxjdy 

where (xi, • • • , x„) is any local coordinate system on M. Using the global Schauder 
estimate on (|5.17p again, we get 

dxjdxi 

□ 

Lemma 11. \Vrk,e\ ^ 0{e'^). 

Proof. We need to prove that for any first order differential operator R on M, 

Rijk^,) = 0{e^) 

uniformly for any < y < e. By Lemma llOi this is equivalent to 

v = R{rkAx,yf{x)))^0{e^) 

uniformly for any < y < e. 

We first assume that the vector field R is vertical to dM. Then by Lemma ITOl 
w = on _B/, and 

(5.18) V = R{eVf{x)Vwk,e{x,ef{x))) = 0{e^) on Bn. 

On Bill, since R is vertical to dM, v = g-^ on dAI for some function g. Thus by 
Lemma [TU] again, 

(5.19) V = 9-^{rk^e{x, yf{x))) - 0{e'). 
By (|5.13p and Lemma [TOl we have 

(5.20) Ai?(rfc,,) + ^ik{s)Rirk^,) = i?(i^2) + [A, R]rk,e = 0(1). 
Thus for C > large enough, we have 

A(i?(rfe,,) + Cy2) >0, 

and by the maximum principle, R(rk^e) ^ 0{e'^). Like in the proof of Lemma [HI 
the other side of the inequality can be obtained by estimating R{rk,e) — Cy"^. 

Now we assume that R is tangential on dM. We have similar estimates on Bj 
and Bii as above. On Bm, we note that 

(5.21) ^iRirkA^,yf{x))) ^ Rirk,ei^,yfix))) +Ois^), 
on 

where R = [■^,R]. Let ^ be a function on M such that on dM, ^ = 0; d£,/dn = 1; 
and on M, eA£, bounded; ^ = 0{e). We construct such a function ^ as follows: let 
P(^x) be a cut-off function on M such that p > 0; p'(0) = and p{x) = for a; > e; 
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and are bounded. Let ^ = —dp{d), where d is the distance function to 

the boundary dM. Let 

V = R{rk^,{x,yf{x))) - Ci^max |Vrfe,e| + Cay^ 
for large Ci, C2. By choosing Ci large enough, from (|5.2ip . we have 

— < 

dn 

on Bill. Fixing Ci, we choose C2 large enough. Then by Lemma [HI we have 
Au > 0. By the maximum principle, the maximum point of v must be reached on 
Bj U Bii. By the boundary conditions (j5.14p . we have 

V < C(e^ +£max|Vrfc_e|). 

Thus we have 

R{rk,e{x,yf{x))) < C(e2+£max|Vrfe,,|). 
Since R is arbitrary, this yields 

max |Vrfc,e| < C(e^ + CiJmax \Vrk^e\)- 

□ 

Proof of Theorem [5l The proof is similar to that of Lemma [TUl On Bj, 
R{T'k,e) — 0; on Bii, by (|5.18|) . we have 

(5.22) \\R{rkMcl'-iB,,)<Ce^+Ce^+'^\\h\\c...^n). 
On Bui, we have two cases. If R is vertical to dM , by (|5.19l) . 

\\R{rk,e)\\cl^^(B,,,)<C{e'+e\\^rkA\cl--)- 
If R is tangential to dM, by ([OT|) . 



<Ce^ + \\Vrj,^,\\ci, 



By the Schauder estimate and ()5.20p . 

(5.23) ||i?(rfe,,)||^.,„ <C(e2 + £3+"||/i||^,.„(,,) + ||Vrfc,,||^i..). 
By the Schauder interior estimate, 

(5.24) \\h\\c^..(n) < C{e^ + \\rk,e\\c^.^) < Cie^ + e-^-''\\Vrk,e\\c^-,.). 
Combining ([121]), dEM]), we get 

||Vrfc.,||p.,„ < C(£2 + £||Vr,,,||p.,„ + ||Vrfc,,||pi.o), 
which implies the theorem by the interpolation inequalities. □ 
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